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A M3TEOD OF RAPIDLY ESTI1dATING THE POSIT103 OF 
THE LAMINAR SEPARATION POINT 
By Albert E. von Doenhoff 
A method is described of rapfdly estimating the posi- 
tion of the laminar separation point from the given pres- 
sure distribution along a body; the method is applicable 
to a fairly wide variety of cases. The laminar separation 
point is found by the von K&man-Millikan method for a 
series of velocity distributions along a flat plate, wh$ch 
consist of a region of uniform velocity followed by a re- 
gion of uniformly decreasing velocity. It is shown that 
such a velocity distribution can frequently replace the 
actual velocity distribution along a body insofar as the 
effects on laminar separation are concerned. 
- 
An example of the application of the method is given 
by using it to calculate the position of the laminar sep- 
aration point on the N.A.C.A. 0012 airfoil section at zero 
lift. The agreement between the position of the separa- 
tion point calculated according to the present method asd 
that found from more elaborate computations is very good. 
INTRODUCTIOK .- 
Of the various available methods of calculating the 
characteristics of the laminar boundary layer in two- 
dimensional flow and, in particular, the position of the 
laminar separation point, the van Karman-Millikan method 
(referonce 1) seems to be the most reliable. This method, 
when applied to the boundary-layer flow about an elliptic 
cylinder, showed good agreement with experiment when Father 
methods failed (reference 2). The von HBrm&n-Wfllikan 
method, however, has the disadvantage that the computa- 
tions are usually cumbersome and lengthy. Because of the 
2 N.A.C.d. Technical Xoto No. 671.. 
. 
l 
groning importance of the boundary-layor problom, some 
method of rapidly f.inding the posit-ion of the laminar aep- 
aration point is nooded. 
Although the calculations given in reforonce 1 for a 
family of "double-roof" velocity distributions, consisting 
of a region in which the outside velocity increases lin- 
early with distance along the surface followed by a region 
in which the velocity decreases linearly, partly satisfy 
the need, somo easy method having more goneral applicabill- 
ity is requirod. 
The Furpose of the present papor is to develop a more 
goneral method of-apidly estimating the Fosition of the 
laniinar separation point. The of3ect.s of an advorso ve- 
locity gradient on laminar separation are studied. 
The method of estimating the position of the lamfnar 
separation point presented in this report is applicable LO 
bodies having velocity distributions whose effects can be 
approximated by a region of uniform velocity folloned by 
a region of uniformly decreasing velocity. It is to be 
noted that-the boundary-layer velocity distribution at the 
point along the surface of a body where the outside veloc- 
ity is a maximum is very nearip the samo as the Blasius 
distributian for a flat plate. T-hus , tho con-dititi of the 
boundary layer at the Faint of maximum velocity ca6 be re- 
produced by the flow over an equivalent length of a flat 
plate mith'uniform velocity equal to the maximum velocity. 
In a large number of cases, t?Le velocity distribution back 
of the point-of maximum velocity can be vrell represented by 
a straight line up to the laninar separation point. T h e 
present method therefore has fairly general applicabiiity. 
-. 
w 
-. 
c 
The laminar separation point is first calculafsd by 
the von Xarman-Millikan method for a series of velocity 
distributions 'over a flat plate; each distribution con- 
sists-of a region of uniform velocity followed by a- region 
of uniformly decreasing velocity. The velocity decrement 
sufficient to cause se?ara*ion is the-n found as a function 
05 the velocity gradi.ent, which is expressed nondimension- 
ally. The de-crement varies from 10.2 percent of the naxi- 
mum velocity to zero, depending on the value of-the gradi- 
ent. !- .- 6 
The relation of conditions on an airfoil section to 
those for which the calculations were carri-ed out is dis- -. 
I 
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cussed. As an example of the application of the method, 
the position of the laminar separatfon point on the N.A. C.A.. 
0012 airfoil section at zero lift is calculate&. 
CALCULATIOFS AXD RESULTS 
Throughout the present calculations, the reference 
length so is taken as the distance from the leading edge 
of the plate to the point at which the adverse velocity 
gradient is applfed. The reference velocity Uo is ta::en 
as the velocity outside the boundary layer in the uniform- 
velocity region over the plate. 
The velocity gradient F can then be expressed ti the 
following nondimensional form: 
F so dU = uif ds 
-.---- ..~ .-- 
where U is ths velocity outside the boundary layer at 
any point along tho surface. 
s, the distance along the surface. 
The following relations give the velocity dfstribu- 
tion outside the boundary layer over the plate: 
u -= 8 = -9 = -- 1 from 0' to 1 
"0 SO 
and 
u 
-TO for ' G- 
11 
Figure 1 shows the form of the velocity distribution over 
the plate -for several values of. F. 
The position of the laminar separatfon point was .oal- 
culated by the *method of reference 1 for a series of vczl- 
ues of F. In each case the velocity decrement Au/U, 
sufficient to cause separation was found. The results of 
these calculations are given in figure 2 as a plot of 
AU/U, or Us/U0 against F, where Us is the velocity 
outside the boundary layer at the separation Feint. 
- 
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DISCUSSIOM.. 7..---- 
Figure 2 shows that small absolute values of the VQ- 
locity gradient F correspond to large values of the 
velocity decrement AU/U, and that large values of F 
correspond to small values of AU/U,. When F is equsl 
to zero, the outside velocity can be reduced by 10.2 per- 
cent of the maximum velocity U, before separation oc- 
curs. As the value of F increases, the amount by whic:l 
th-e velocity can be reduced after reaching its maximum 
value approaches zero. . 
It is imlzortant to note that the magnitude of the di- 
mensional quantity dU/ds is not In its-elf- sufficient to 
determine how much the velocity can be reduced from the 
maximum value before separation occurs. Figure 3 shows 
the effect of applying a-given velocity gradient dU/ds 
at several distances from the leading edge. The'amount 
of the reduction from the maximum value before laminar 
separation occurs is much greater when the gradient is 
applied close to the leading edge, .Tf .the gradtent .i.s 
applied immediately at the leading edge, the velocity dec- 
roment is independent of dU/ds. For this case F is 
always zero. L 
When an attempt is made to apply the results of the 
foregoing calculations to an airfoil, the effects pro- . 
duced by the actual velocity dfstributlon over the body 
must be analyzed and compared with thoge produced-by the 
assumed type of velocity distribution. 
It is shown in reference 3 that, at any point along 
the surface of a body at which 
( 
dp/d.s is equal tqzero 
where p i-s the pressure), the curvature of the laminar 
boundary-layer Frofile at the surface is zero. This re- 
lation is applicable at- the point of. maximum velocity 
along a body as wall as to LL flat plate with uniform ve- 
locity. Such considerations and com&arisons with calcu- : 
lations of actual boundary-layer profiles by the van 
K&r&n-kiillikan met-hod indicate that t';le shape %f the 
boundary-lwer profile at the pofnt of maxiimm .velocity 
outside the boundary layer is nearly the same a-s the 
Blasius flat-plate profile, Because any boundary-layer 
profile is specified completely by its .shape an3 thick- 
ness, the effect of any region of risi-ng volo.kity-is onI7 
+ 
‘ 
- -. 
. 
to affect the boundary-layer thickness at-the pbint of 
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maximum velocity. This effect can be reproduced by a flow 
of uniform velocity ov.er a suitable length 0-f flat plate. 
The velocity distribution along the surface back of 
the point of maximum velocity can usually be approximated 
with sufficient accuracy by u straight line. The approxi- 
mation need be valid only as far as the point at Which 
laninar separation occurs. 
- 
Because a favorable pressure gradient makes forth+: 
ner boundary layers, the equivalent.le;;gth of flat plate 
is somewha.t less than the actual distance from the forward 
stagnation point of a body to the position of maximum ve- 
locity. The velocity over the plate is assumed equal to 
the peak vel.ocity over the body. If boundary-layer neas- 
urenents are available at any point P near the point of .- -. -- 
maximum velocity, the length of plate equivalent to the 
region upstream of P is El1 = sP&5.53)s 
where 8 is tLe boundary-layer thickness. 
Rs = us/u, Reynolds Number based on the boundary- 
layer thickness. 
u, the kinematic viscosity. 
The distance so is then equal to sL plus the distance 
from P to the point ss at mhZch the adverse velocity 
gradient is applied. (See fig. 4.) 
When no' suftable boundary-layer measurements are 
availabla, the equivalent length of f1a.t plate can .be 
found from the following approximate relation: _ ~_..__~_ -.--- 
SA = 
Ir 
P --I c . :u, / 8-l’ d pj- 
0 
(1) . 
There V. is the peak velocity along the surface. 
C¶ the airfoil chord. 
The integratfon is to be carried out over the region ex- 
tending from the forward stagnation point to the position 
of maximum velocity: In this case also, so =-s, + ss. 
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The foregoing re-lation for the equivalent length of 
flat plate was de-rived from the assumption thatihe 'veloc- 
ity distribution in the boundary layer over the portion of .- 
the surface upstream of--the t,oint of maximum velocity is 
similar to the Blasius flat-plate distribution and $rom 
the substitution of this assumption in tho von.IIarman mo- 
montum equation. -- ._.. - - 
The integration indicated in equation (I.) can, in zen- 
erul, be graphica.lly performed. This graphical integration 
has been carried out for a series of velocity distributions 
similar to the distribution over the forward po-rtion of the 
Y.A.C.A.' 0.012 airfoil section at zero lift. For curves of 
this series, it was found that - 
s1 
-0.164 
-- = 
SE1 
(2) 
where sm is the actual distance along the surface .- 
from the forward stagnat ion Foin3 to the -- - 
point of minimum pressure. . . 
F, the difference in pressure between tho points 2 
S,/2 and %1* 
L. 
-. 
%l’ the local dynamic pressure at sm. ‘ 
Equation (2) is valid fo'r 0.003 < y;< 0.2. 
‘ 
-.. 
lrom the two straight lines representing the assumed 
velocity distribution, which replaces the actual veloci~ 
distribution over the body, the value of B is comyutted: 
or 
where 
.J = 9s dU . ..” ~ 
u, G- 
F = ----Y-E--- s, apFroXim*oljr 
2(1 - Pm) ds 
2-- 
.“- 
-. 
.- - 
F = cp - pm)/9 is the pressure coefficient. . 
Pco' the static prossure,in the undis- 
turbed stream. l - 
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dP 
as’ 
the static pressure at any Point 
on the airfoil. 
the dynamic pressure based on the 
free-stream velocity. 
the pressure coefficient at the 
point of minimum pressure. 
the slope of the line approximat- _ 
ing the pressure distribution 
back of the point of minimum 
pressure. 
The corresponding value of us/u0 is found fron figure 2. 
Separation is calculated to occur at the point where U 
falls to the value u, c us/u0 1' 
As an examPle, the nethod has been used to calculate 
the position of the laminar separation,ppint on the N.A.C..A. 
0012 airfoil section at zero lift. The velocity distribu- 
tion over the airfoil in terns of the free-stream velocity 
V was found by the method of reference 4. Bfgure 4 shons 
that, for unit chord, the position of the point of maximun 
velocity is 9n = 0.125 and that Ap/qm = 0.037. Hence, 
from equation (2), 
.- 
and s1 = 0.0607. The Position along the surface at nhich , 
the adverse gradient is applied is s = 0.i40. The dls- 
tance sa is then equal to 0.140 - 0.125 = 0.015. The 50:~ 1 
tal equivalent length of flat plate is so = s1 + ss = 
0.0957. The nondimensional velocity gradient i-s ._ 
dU ~rSa-=- 0.0957 
U’, ds 1 lgo (0.243) = - 0.0196 . 
From figure 2, us/u0 = 0.919, and the velocity at the 
separation point is 1.190 x 0.919 = 1.094. Separation is 
calculated to occur at 
u/v falls 
s/c = 0.536, the position at which 
to the value 1.094. 
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The position of the laminar soparution point was also 
computed according to the van Rarman-Millikan method. TVO 
power series wore used to approximate the velocity distri- 
bution. These calculations indicated that the separation 
point was sitlxated at s/c = 0.55. The agreement between 
the two sets of calculations is considered especially sat- 
isfactory Fn view of the simplicity of the present method. 
.- 
- 
L 
The method was also applied to the case of the ellip- - . ..- 
tic cylinder reportedTin reference 2, The provioua calcu- -I -- 
lations showed that separation was to be eqected at--a 
distance s along the surface of 1.92. The present method 
gave s = 2.00 as the separation poi.nt. The oxporimontally ,_. 
observed position was s = 1.99. 
CONCLUDIXG REMARKS 
A fairly general method of rapidly estimating the po- 
sition of the laminar separation point, based on the van. 
Rdrm&-Millikan boundary-layer theory, has been devised. 
Good agreement mas obtained between the results nf this 
method and thos'e of more elaborate computations when it 
was apnlied to caloulat-e- the laminar separat-ion point on 
the h7.A.C.A. 0012 airfoil -section at zero lift.. 
Langley Memorial Aeranautical Laboratory, 
Bational Advisory Committee for Aeronautics, 
Langley Field, Va., September 9, 1938. 
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